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Red blood cell thermal fluctuations: comparison between experiment and
molecular dynamics simulations
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We outline a new method of analysis of thermal shape fluctuations of

red blood cells, based on comparison between experiments and

coarse-grained molecular dynamics simulations. The fluctuations of

2D equatorial contours of red blood cells are recorded experimen-

tally using fast phase-contrast video microscopy, from which the

fluctuation spectrum is calculated. The spectrum is compared to the

corresponding contour fluctuation spectrum obtained from a finite-

temperature particle-dynamics simulation, modelling a cell with

bending and shear elasticity and conserved volume and surface area.

We demonstrate that the simulation correctly describes the mean

cell shape as well as the membrane thermal fluctuations, returning

physically sound values for the relevant membrane elastic moduli.
Introduction

Normal physiological function of the red blood cell (RBC) depends,

amongst other factors, on finely tuned elastic properties of its plasma

membrane, allowing the cell to maintain its overall shape during blood

flow, yet to be flexible enough to pass through fine vessels of

comparable or smaller size. Numerous experimental and theoretical

studies have contributed to our understanding of the molecular and

supramolecular origins of RBC elasticity. The relevant elastic

parameters are the membrane bending rigidity, k, and the membrane

shear modulus, m (assuming the membrane area to be conserved).1

The widely accepted current opinion is that to a first approximation,

the lipid bilayer, along with its pertinent membrane proteins, controls

the membrane bending elasticity whilst the membrane skeleton,

mainly constructed of conjugated spectrin tetramers, endows the

membrane with shear resistivity.1 Whilst this model offers a self-

consistent framework for the discussion of the RBC membrane elas-

ticity, its experimental quantification has proved more problematic.

Experimental measurements of the membrane bending modulus have

led to values differing by up to an order of magnitude.2 Similarly, the

shear modulus was found, using different experimental techniques,2,3

to range from vanishingly small up to�10�5 N m�1. It is possible that

the discrepancies in the values obtained reflect a dependence of the

membrane elastic properties on the length scale over which the

deformation occurs and/or the magnitude of the applied strain. For

example, analysis of the RBC thermal fluctuations2 (i.e. at small

deformations) suggest that the membrane skeleton is essentially stress
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free with m z 0, whereas the larger deformations incurred during

micropipette aspiration4 (m z 6.6 � 10�6 N m�1), in optical tweezer

experiments5–7 (m z 2.5� 10�6 N m�1, m z 3.3� 10�6 N m�1) or in

shear flow experiments3 (m z 10� 10�6 N m�1) suggest higher shear

stiffness. This implies a non-linear response of the membrane skeleton

with respect to shear deformation. Evaluations of the bending

modulus based on Brownian flicker analysis, similarly seem to suggest

a separation in the values of k depending on the length scale at which

the thermal fluctuation is examined; for wavelengths smaller than the

overall RBC size,8–11 l < R, the bending rigidity is found to be of the

order of 10�20 J, up to an order of magnitude smaller than the values

obtained in the l � R regime.2,12 The reasons for this separation are

not entirely clear, and may partly be due to the theoretical approxi-

mations used for the interpretation of the experimental fluctuation

spectra.

Recent years have seen significant progress in addressing impor-

tant questions such as the contribution of non-linear elasticity to

RBC shapes,1 the effects of skeleton-induced tension, confinement10

and spectrin mesh size11 on the membrane thermal fluctuation spec-

trum, as well as producing diverging views on the role of ATP-

dependent active membrane fluctuations.13–15 Despite these advances,

new experimental methods for quantifying erythrocyte membrane

elasticity through analysis of membrane fluctuations (besides the

pioneering works of Brochard and Lennon16 and Sackmann’s

group2,8,9,12) are relatively few.17,18 Part of the problem is that whilst

the l < R regime is somewhat easier to analyse theoretically (using

planar-membrane approximations10), short wavelengths are difficult

to access experimentally. Long wavelengths (l � R) are far easier to

monitor and analyse, but the price to pay is that fluctuation ampli-

tudes are affected by membrane geometry and volume and area

constraints,9 which makes a purely analytical approach untenable.

Recent successes in simulating quantitatively various aspects of RBC

membrane behaviour such as thermal fluctuations,19 large deforma-

tions,20–22 equilibrium shapes,1 deformations in shear flow23 etc. offer

a way to circumvent such difficulties. Our approach is based on

a comparison between experimentally recorded thermal fluctuation

spectra and their theoretical counterparts determined from a finite-

temperature particle-dynamics simulation. Since one has full control

over the elasticity of the simulated mesh through the parameters of

the interaction potentials, the relevant elastic constants can be eval-

uated by matching the fluctuation spectra. The approach is similar to

that used recently simultaneously to measure the bending rigidity and

effective spontaneous curvature of fluid membranes.24

Experiment

We use fast phase-contrast video microscopy (Leica DMLFS upright

microscope equipped with a 63 � PL FLUOTAR phase-contrast
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Fig. 1 (a) Snapshot of a RBC in phase contrast (diameter � 8 mm). The

thin white line is the automatically traced 2D equatorial contour. The

definition of a polar coordinate system r(q) with an origin at the centre of

the area is also shown. (b) Snapshot of a simulated RBC shape. The thick

black line represents the obtained 2D contour used further in the analysis

of the mean square fluctuations. The inset shows a typical dyscotic shape

obtained after equilibration.

Fig. 2 Mean square fluctuations of the equatorial 2D contour, hd2
ni, as

a function of the mode number, n, for a normal RBC (a), and the same

cell but treated with hydrogen peroxide (b). Inset: normalised histogram

of the fluctuations in the contour radius, r(q)/hr(q)i, for the case (a) (bars)

and (b) (A), fitted by a normal distribution function (solid lines).
objective) to quantify the RBC fluctuations. The slight difference in

the density between the RBCs and the surrounding buffer stabilises

the cells on the bottom of the observation chamber, which allows for

convenient observation of the fluctuations. 2D equatorial contours

are extracted using a subpixel resolution algorithm based on the

detection of the minimum intensity along the equator of the

membrane (Fig. 1a), with a typical frame rate of 60 fps (Moticam

2000 2 MP progressive scan digital video camera). A series of

contours (between 1500 and 2500, each consisting of more than 600

points) is then analysed to quantify the membrane fluctuations.

Following a standard method,24,25 each contour is represented by

a Fourier series, rðqÞ ¼ R
n

1þ
X

n

�
an cosðnqÞ þ bn sinðnqÞ

�o
,

where r(q) is defined in Fig. 1a. The contour shape fluctuations

around the mean shape can then be quantified by the mean square

values of the Fourier amplitudes for each mode n, hd2
ni ¼ [ha2

ni �
hani2] + [hb2

ni � hbni2], as in the analysis of fluctuating bilayer

vesicles.26

Fig. 2 shows typical experimental fluctuation spectra. The figure

shows two different cases for comparison. Case (a) is a cell from

freshly drawn blood sample incubated in phosphate buffer

(pH ¼ 7.4) containing a small amount of albumin (1 mg ml�1). To

demonstrate the sensitivity of the method to changes in membrane

mechanical properties, the fluctuation spectrum of the same cell, after

exposure for 30 min to 0.1 mM hydrogen peroxide, is presented in

(b). Hydrogen peroxide is known to induce the formation of hae-

moglobin–spectrin complexes27,28 resulting, amongst other changes,

in decreased cell deformability and therefore we used it here as

a convenient agent to stiffen the membrane.

We recorded the fluctuation spectra for several hundred fresh

RBCs from healthy individuals and all of them feature the traits seen

in Fig. 2a. As expected, the mean square fluctuations drop for

increasing mode numbers n. For intermediate values of n (between ca.

7 and 18) there appears to be a power-law dependence (see the dashed

line in Fig. 2). Analysis of 141 fluctuating cells showed that for this

part of the dependence, hd2
ni f n�(3.95�0.36), which suggests that this

part of the fluctuation spectrum is dominated by bending. For lower

mode numbers (n # 6) the mean square amplitudes deviate

progressively from this scaling. This deviation originates from the

closed topology of the membrane and has already been
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comprehensively analysed for the long-wavelength modes of lipid

vesicles.25 In addition, this part of the spectrum could be affected by

constraints reflecting the composite nature of the RBC membrane

(i.e. a lipid bilayer coupled to a spectrin mesh) through skeleton-

induced membrane tension and, importantly, suppression of bilayer

fluctuations due to the confining effect of the membrane skeleton10

(which, in turn, is related to its shear modulus, m); the latter is

expected to have a stronger effect on the longest-wavelength modes.10

Fig. 2b is an illustration of these effects. Here, the addition of

hydrogen peroxide increases membrane rigidity most probably

through haemoglobin–spectrin cross-linking27,28 and possibly aggre-

gation of band 3.29 Thus, the membrane seems to be developing

increased tension and/or shear resistance, which affects the longest-

wavelength modes (n # 6), whilst the bending rigidity of the lipid

bilayer is not necessarily significantly altered.

The inset in Fig. 2 shows a normalised histogram of the fluctua-

tions in the instantaneous radius of the contour, r(q)/hr(q)i, calculated

over all contours in the sample for 360 values of the polar angle q. It

demonstrates that the radius fluctuations are normally distributed.

Since this is a very sensitive measure of the overall degree of fluctu-

ations, it can be used to detect changes in membrane stiffness, as

illustrated by the comparison between cases (a) and (b).

The ability to detect short wavelength fluctuations using this

optical method is fundamentally limited by the optical resolution,

camera noise and fluctuation lifetimes of the short-lived high

frequencies25 (the fluctuation lifetime for the bending-dominated part

of the spectrum scales with the cube of the wavelength, sn � hl3
n/k,

where h is the viscosity of the surrounding fluid16). We found that fast

short wavelength modes, n $ 18, cannot be detected reliably.
Simulation

We used a coarse-grained particle dynamics simulation to investigate

the thermal fluctuations of a 2D network (embedded in a 3D closed
This journal is ª The Royal Society of Chemistry 2009



surface) consisting of 5762 particles arranged in a regular triangula-

tion. The basis of the method is presented in detail elsewhere,19 but in

addition to the global surface area constraint, we also implemented

volume constraints, to better reflect the experimental situation. This

allowed us to keep a constant volume-to-area ratio, v ¼ 3V/(4pR3
A),

where V is the cell volume and RA is the equivalent radius, calculated

from the cell surface area,24 RA ¼ (A/4p)1/2. In accordance with the

experimental values for the RBC volume and surface area,1 we used

v ¼ 0.65 throughout the simulations. Each pair of neighbouring

particles (i,j) is allowed to interact with a harmonic potential

Vs
ij ¼ (ks/2)[(ri�rj)�r0]

2, where ks is the spring constant (equal for all

interactions), ri,j is the particle position and r0 ¼ 100 nm is the

equilibrium distance between two connected particles. In addition,

a dihedral angle potential is applied between each two adjacent

triangles, of the form Vd
ij ¼ D(1�na$nb), where D is the relevant

dihedral constant and na,b is the unit normal vector of each triangle.

The area constraint is implemented using Lagrange’s method of

undetermined multipliers. The volume is kept constant by applying

an external pressure to the cell surface. The pressure is applied

outwards when the volume exceeds the desired value and inwards in

the opposite case. The choice of interaction potentials, along with the

constant area constraint, endows the 2D mesh with finite bending

and shear moduli whilst making it effectively incompressible. In order

to incorporate effects from the surrounding environment, a Nos�e–

Hoover thermostat30,31 is employed to keep a constant temperature.

The thermostat mimics the exchange of energy between the simulated

cell and the environment. Viscous effects are not taken into account,

as (according to the fluctuation-dissipation theorem) they cannot

affect the equilibrium fluctuation spectrum. The system is allowed to

evolve towards equilibrium and the equations of motion for

the virtual particles are solved using the molecular dynamics

technique.30,31

We find that after an equilibration phase, whose duration depends

on the initial shape chosen, the simulation reaches a constant

temperature and the cell model steadies into a fluctuating discocyte,

thus correctly approximating the mean shape of real RBCs

(a snapshot is shown in the inset of Fig. 1b). The equilibrium part of

the simulation can then be used to analyse the thermal shape fluc-

tuations of the mesh. In order to correctly compare the mesh fluc-

tuations to those of the experimental RBCs, 2D equatorial contours

are obtained by intersecting the shape with a plane passing through

the centre of mass (see the black solid line in Fig. 1b). This procedure

results in contours typically consisting of �300 points each. Once

extracted, we use about 300 contours at a time to calculate the fluc-

tuation spectrum of the simulated contours, hd2
ni, in exactly the same

way as for the experimental contour sets. This allows a direct

comparison of the contour shape fluctuations obtained experimen-

tally and computationally. We generally found that for the limited

number of contour points in the simulation, modes up to n z 10 can

reliably be obtained.
Fig. 3 Mean square fluctuations of the equatorial 2D contour, hd2
ni, as

a function of the mode number, n, for a normal RBC (C) and a matched

simulation (>). Values of the interaction parameters: ks¼ 8.3� 10�6 N m�1

and D ¼ 1.3 � 10�18 J.
Comparison between simulation and experiment

Comparison between experimentally and computationally obtained

fluctuation spectra shows that they are in agreement with values of

the spring constant ks � 5 � 10�6 N m�1 and the dihedral constant

D � 10�18 J. This allows an order of magnitude estimation of the

(zero-temperature) shear and bending moduli using the approximate
This journal is ª The Royal Society of Chemistry 2009
relationships reported in the literature,32,33 mz
� ffiffiffi

3
p

=4
�
ks and

k ¼ D
� ffiffiffi

3
p

. We obtain m � 2 � 10�6 N m�1 and k � 6 � 10�19 J.

We stress that the external pressure acting as a volume constraint

in the model does not affect the shear modulus as calculated by the

equation above. The external pressure could give rise to membrane

tension only via changes in the density of the membrane (as compared

to the stress-free state), which in our model is prevented by the area

constraint. We also established that there was no correlation between

the temporal behaviour of the applied pressure and that of the fluc-

tuation modes, which means that the fluctuation modes (and there-

fore the membrane bending modulus) are not affected by the external

pressure.

Fig. 3 shows an example of a direct comparison between an

experimentally obtained fluctuation spectrum of a normal RBC and

its simulation counterpart. The values of the interaction potential

constants are ks ¼ 8.3 � 10�6 N m�1 and D ¼ 1.3 � 10�18 J, giving

a shear modulus m z 3.6 � 10�6 N m�1 and a bending modulus

k z 7.5 � 10�19 J.

The value for the bending modulus compares favourably with

previous experiments in the same wavelength regime (l � R).2,12

For example, the theoretical interpretation performed by Peterson

et al.12 for RBC thickness fluctuations suggests a bending modulus

of (1.4–4.3) � 10�19 J, depending on the elastic model used. Strey

et al.2 analysed RBC membrane flicker at four orthogonal points

around the membrane at wavelengths comparable to the cell

dimensions. For the bending modulus they obtained a mean value

of 4 � 10�19 J, with individual measurements covering the range

from 2 � 10�19 J to 7 � 10�19 J.

Whilst the values obtained for the membrane bending rigidity are

of the same order of magnitude as those reported in previous studies

of the long-wavelength regime, the shear modulus obtained,

3.6 � 10�6 N m�1, is closer to the values reported in static defor-

mation experiments, such as micropipette aspiration4 and optical

tweezers studies.5–7 This seems to contradict previous conclusions2
Soft Matter, 2009, 5, 3603–3606 | 3605



that freely flickering RBCs, i.e. at small shear deformations, have

negligible (less than � 10�7 N m�1) shear modulus. Our results

support the notion that the RBC membrane skeleton may not

necessarily show vanishingly small shear rigidity at small deforma-

tions. Further evidence for this conclusion could be drawn from

previous Monte Carlo polymer chain simulations of the erythro-

cyte cytoskeleton34 which suggest a shear modulus as high as

� 10�5 N m�1. It is interesting to note that recent models of the

RBC membrane that explicitly consider its composite nature lead

to similar conclusions. For example, Gov et al.10 take into

account the influence of the spectrin network through two

parameters in the free energy functional, an effective surface

tension, s, and a confining parameter, g, both related to the

stiffness of the spectrin filaments. The confining parameter g,

which serves to constraint the bilayer fluctuations due to the

proximity of the (rigid) membrane skeleton, can be seen to depend

on the bending and shear membrane moduli,10 g z m2/k. Analysing

experimental short-wavelength fluctuation data8 for two RBCs,

these authors find g ¼ 1.0 � 107 J m�4 and g ¼ 7.5 � 107 J m�4.

This, in turn, suggests that the skeleton shear modulus could

reach a value of the order of 10�6 N m�1 even when a small value

of k z 2 � 10�20 J, characteristic for the short-wavelength

regime, is used.

Conclusions

We demonstrated the feasibility of interpretation of the long-wave-

length part of the RBC membrane fluctuation spectrum through

a coarse-grained particle dynamics simulation. The simulation

faithfully reproduces the average cell dyscotic shapes and correctly

describes the mean square fluctuations of the equatorial contours of

RBCs, returning physically meaningful values for the elastic

membrane parameters. Further work is underway in our laboratories

exploring comprehensively the parameter space of the simulation

through variations in the values of the interaction potential param-

eters, volume-to-area ratio and the size of the simulated mesh, which

will allow fast quantification of the elastic constants of any RBC.
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